Deep Generative Models

12. Score-Based Models
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Summary

e Representation: how do we model the joint distribution of many
random variables?

« Need compact representation
e Learning: what is the right way to compare probability

distributions?
DPdata

0eM
Model family

e Inference: how do we invert the generation process
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Representation

« Probability density function (p.d.f.) or probability mass function
(p.m.f.)

p(x)
e Autoregressive Models

d
po() = [ | _ paCuilxad)

e Variational Autoencoders

po(x) = fpa(xlz)dz = fpg(xlz)p(z)dz
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Representation

« Probability density function (p.d.f.) or probability mass function
(p.m.f.)

p(x)
 Flow Models
a -1
px(x;60) = pz (f5" () det< L gf‘))\
« Energy-based models
pe(x) = exp(fo(x))

Z(6)
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Representation

e Probability density function (p.d.f.) or probability mass function
(p.m.f.)
p(x)
e Pros
« Maximum likelihood training
e Principled model comparison via likelihoods

e Cons
e Special architectures or surrogate losses to deal with
intractable partition functions
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Implicit generative model

e Generative adversarial networks (GANSs)
z~p(z)
x = Gg(2)
e A two-player minimax game between a generator and a
discriminator(two sample test)

Sample

Generator
GAN
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Generative adversarial networks

e Pros
e Samples typically have better quality

e Cons
e Require adversarial training
e Training instability and mode collapse
e No principled way to compare different models
 No principled termination criteria for training
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Score functions

« When the pdf is differentiable, we can compute the gradient of a
probability density
e Score function

V,logp(x)
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Score functions

« When the pdf is differentiable, we can compute the gradient of a
probability density
e Score function

V,logp(x)

p(x) V. log p(z)
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Recap. of Energy-based model

» Energy-based models: —eXp(fg(X))

« 7Z(0) is intractable, so no access to likelihood
« Comparing the probability of two points is easy

5:((;)) = exp(fop(x) — fo(x")

« Maximum likelihood training:
mgax [f@ (Xtrain) — log Z(H)]
e Contrastive divergence:

VHfG (xtrain) o VQ logZ(H) ~ VHfG (xtrain) _ VHfG (xsample)

(x)
 where Xsample ~Po (x) — eXpZ(](Cg)x )

e Requires iterative sampling during training

fo (x)
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Recap. of Energy-based model

e Energy-based models

po(x) = 0 exp(fp(x))
fo(x) ER

fo (x)

 Minimizing Fisher divergence

1
melanvapdam[ IV log Paata(x) — Vi log pg (x)”%]
Score matching
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Score matching for training EBMs
e Score function of EBMs

Vilogpg(x) = Vyfg(x) — Vi logZ(6) = V,fo(x)

e Score matching for EBMs

1
Ex-puaea | 3 1V 108 Do @I} + tr (Vi log p ()|

1
= Exp,.., [5 1V, fo (OIF + tr(Vifo (x))]
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Score-based models

e Directly model the vector field of gradients
sg(x): R4 - R4
sg(x) = Vylogpaata(x)
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Framework for score estimation

Score estimation by training score-based models

Probability density
Pdata (x)

Deep Generative Models
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Score function

se(x) = Vylogpaara (x)
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Score estimation by training score-based models

- Given: iid. samples {x(, x), _ xM~p, .0 (x)

 Task: Estimating the score V.. log p 44 (X)

e Score model: A learnable vector valued function
sg(x): R4 -» R4

« Goal

sg(x) = Vylogpaata(x)
« How to compare two vector fields of scores?

v
Vx10g Paara(x) iv\ /v /_v;,/'v'_,
. .o ;?"T’/ Average
;.I{T: Euclidean distance
~ //n—;» e S /-1 over the space
Sg(x) — = /
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Score estimation by training score-based models
e Objective: Average Euclidean distance over the whole space
1
EEvapdam[ ”vx log pdata(x) — 8¢ (X)”%]

e Score matching

! 2
B | 5 15013 + tr(Vasp ()]

v
Vx10g Paara(x) iv\ /' /_';,/'v > v
. .o iy Average
;‘g:/ Euclidean distance
~ //n—;v Pz 2 over the space
Sg(x) — = /
~
/V >
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Score matching is not scalable

Deep neural networks as more expressive score models

Not scalable!

- Need to compute ||sg(x)[|3 and tr(V,sg(x))

dsgp 1(x)

szﬂ.(ﬁl__l
9% Sp,1(x) /:as9,1<x>. 056,1(X)  059(x)
659 21(X) i.——a_x.'l._: __a_x;_l aX3
a;c Sg,2(x) _ 0sg2(x) V10sg (X)) 0sp2(x)
Y 32(x) 0x; L _xa_g g
a;c S6,3(X) 0sg3(x) 0sg3(x) : 0sg3(xX)
’ 0xq 0x; L _0xz 1
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Scalable approaches to score estimation

e Denoising score matching (Vincent, 2011)
e Sliced score matching (Song & Garg, 2019)
 Need to eliminate the trace of Jacobian term in the training

objective
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Denoising score matching (Vincent, 2011)

e Consider the perturbed distribution

oG = N 0D, 46 = [ a0, i)

Pdata (x)
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Denoising score matching (Vincent, 2011)

e Consider the perturbed distribution

oG = N 0D, 46 = [ a0, i)

Pdata (x)

 Score estimation for Vxlog q,(X) is easier
* |If the noise level is small, this is a good approximation q, =

Pdata
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Denoising score matching

 Matching the score of a noise-perturbed distribution
« Denoising score matching: s (%) =~ Vxlog g, (%)

1 _ ~
EE%N%[ |Vzlog g5 (%) — s (X)||5]

« However, q,(X) = [ paata (*)q,(X|x)dx is unknown
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Denoising score matching

Fisher divergence

> Ez~q [ IVz1log q5(X) — so(®)5]

1 o
= 5 | 4,®IVx1og 4, @ — s I3

1 . ~ 12 9%
= [ 4GOI I0g g, (OI3a + 5 f 1D llsp (D 13d%

— f qs(X)Vzlog g, () 5o (X)dX

L [ o
= const.+3 [ 4,56 D3d% — [ 4,V log o (D) 56Dz
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Denoising score matching

1 | ) -
Ef s (®)Ise(D)|I7d% = Effpdata(x)qa(x|x)||se(x)||%dxdx

1 —
= EEXNPdata(x)E%NqJ(ﬂx)[”SG (X)”%]
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Denoising score matching

- f 0o (B)V3 10g 4o ()T 59 (F)d% = — f Vady (O 59 (F)d%

T
- [ v ( | pdam<x>qa(3c'|x>dx) 56 (B)d%

T
- ( | pdamu)vxqamx)dx) 56 (D) d%

T
[ - - e
- = (J pdata(x)QG(xlx)v’f log CIJ(xlx) dx) So (x)dx

[ - . o e
=~ | [ Pacta@)as @107 log 4, (R12)" 5B dx dx
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Denoising score matching
- [ a0 @z log g, 59 ()% =

=~ | [ Pacta@)a1x)7s log 4, (R12)" 53 d% dx

= ~Expiara 0 EF~q, %) [Vxlog g5 (X|x)" s¢(X)]
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Denoising score matching

1 — ~
EE%N%[ |Vxlog g5 (%) — s9(3)||5]

1
= const. + —

5 Ex~paara@Ex~q, @) |

— Expagra@Ex~q, G0 [Vz 108 45 (X
1

= const. + 5 Expiara®Ex~q,G@nl

1
——F

1
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se(®)5]

x)" 59(X)]

Vzlog q,(%|x) — so(3)||5]

5 x~pdata(x)E’i~qa(%|x) [|Vxlog g, (% x)”%]

> E xp g () Ex~q, @2 L1 V2 108 45 (X]X) — s (X)||5] + const.
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Denoising score matching

Estimate the score of a noise-perturbed distribution

min Ex-q, | 1Vz10g 45 (®) — so(®|I3]

= mgin Ex~pdata(x)E’i~qa(%|x)[”V% log CIJ(’Xlx) — 5S¢ (%)”%]
« Vxzlogq,(X|x) is easy to compute

. _ . T
q,(%|x) = N(X|x,o°I), Vilog q,(X|x) = —p(x — Xx)
e Pros: efficient to optimize even for very high dimensional data,

and useful for optimal denoising.
« Con: cannot estimate the score of clean data (noise-free)
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Training for denoising score matching

« Sample a minibatch of datapoints x®, x(2) ... x™ from p,..,
 Sample a minibatch of perturbed datapoints ¥V, %2 ... M
from q, (%)

y(i)NqJ(y(i)| x(i)) — N(y(i)| x@D g2 I
e Estimate the denoising score matching loss with empirical means

n
1 . . .
— > [Vzlog a, (FV 1) - 55 (FO)|
=1

n
| \
21N 4

=1

e Stochastic gradient descent
e Need to choose a small o

1 | |
— (FO - x) + (%)
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Pitfall of denoising score matching

e The loss variance will increase drasticallyas g —» 0
e Denoising score matching loss for Gaussian perturbations

1 N N 2
Ex~paara0Ex~q,G10) ” =@ —x) +50(%) 2]

1 2
— ExNPdata(x)EZ"’N(O,I) ;Z + So (x + O'Z) 2]
z |z||5

= Ex~pdata(x)EZ~N(0,I) so(x + O'Z)”% + 2s9(x + O'Z)T; + 2

e |f we choose very small g = 0

Var (g) — 00,
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Denoising score matching

Consider the perturbed distribution

oG = N 0D, 46 = [ a0, i)

Score estimation for Vi log g, (%)
Score matching

min Ezq, [ [1Vz10g 44 (%) — 55 (@) |13

2

— () + 54(®)

< Mmin Ex~pdata(X)E,5c,~qJ(%|x) ”

0 2

"
Ly

So(X) tries to estimate the noise that was added to produce ¥
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Tweedie’s formula

 Score estimation for Vilog g, (%) is equivalent to denoising

1 R
Expaaea@®@Ex~q, @ x) ” ;(x — x) + 5¢(X) 2]

« Tweedie’s formula: Optimal denoising strategy is to follow the
gradient (score):

qs (%)

Vzlogq,(%) ,
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Tweedie’s formula and denoising score matching

e Denoising score matching is suitable for optimal denoising
« Given pg,iq(x) and g, (X|x), we can define the posterior p(x|x)
with Bayes’ rule
p(xl:f) X pdata(x)CIa(%lx)
e Recall that

qs(X) = f Pdata(X)qq(X|x)dx

« Tweedie’s formula:
Expixim|X] = X + 02V, log (%) = X + 0%54(X)
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Sliced score matching

e One dimensional problems is easier
e (Consider projections onto random directions

S I =R X
Vi logpaara (x) “a A =< Ll
P
so(x) i = 444 e
-~/ 2= oy
/ . Va

Song*, Garg*, Shi, Ermon. "Sliced Score Matching: A Scalable
Approach to Density and Score Estimation.” UAI 2019.
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Sliced score matching

e Objective: Sliced Fisher Divergence

1
> Evp, E

e Integration by parts

1 2
Epp Exep, .. [E (vTsg(x))” + vV,sy (x)v]

X~Ddata [ (vTvx log Paata(x) — vTSQ (x))2]

/

(V1 vy V3)

Deep Generative Models

0sg,1(x) 0sgq1(x) 0sg1(x)
dx4 0xo 0x3 U1
05g2(x) 0sg(x) 0sg2(x) -
dx4 0xo 0x3 ’
0sg3(x) 0sg3(x) 0sg3(x) U3
dx4 dxo 0x3 /
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Computing Jacobian-vector products is scalable

vIV,s9(x)v = VTV, (v s9(x))

One Backprop!

) V1
2 @) vTso(x)
U3

56,3 Sliced Score
Matching
is scalable

» Slightly slower than denoising score matching
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Computing Jacobian-vector products is scalable

vIV,s9(x)v = VTV, (v s9(x))

One Backprop!

) V1
N2 vTso(x)
U3
56,3 Sliced Score

Matching
is scalable

» Slightly slower than denoising score matching
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Training of sliced score matching

» Sample a minibatch of datapoints x(, x(2) ... x™ from p,,:4
. Sample a minibatch of projection directions v, p@ ...
from p,
e Estimate the sliced score matching loss with empirical means
n
1 T . . 1 ~T . 2
y 2 vV, 55(xO)p® + > (va) < B(xa)))
i=1
e The projection distribution is typically Gaussian or Rademacher
e Stochastic gradient descent

e (Can use more projections per datapoint to boost performance
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Experimental results for sliced score matching

Sliced score matching methods Other Baselines Score Matching
| WhiteWine
! —— SSM-VR
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Performance on
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Song*, Garg*, Shi, Ermon. "Sliced Score Matching: A Scalable
Approach to Density and Score Estimation.” UAI 2019.
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Score-based generative modeling
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From scores to samples: Langevin MCMC
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Langevin dynamics sampling

« Sample from pg,:q(x) using only the scores V, 1og pgqeq (%)
* Initialize x°~m(x)
e Repeatfort=0,..,T—1
« z~N(0,I)
o« xMh=xt+ %vx log Daata (%) y=xt + Vez
e Ife > 0andT - oo, then we have x! converges to a sample

from Pdata
e Langevin dynamics + score estimation

sg(x) = Vylogpgarqa(x)
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Score-based generative modeling

Data samples
xW, x@) ) xW)
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Scores function
Sg (X) ~ vx log Pdata (x)

f

mjgim@nims.re.kr |

—)

Langevin
dynamics

New samples

NIMS & AJOU University




Score-based generative modeling: results

(2) MNIST (b) CelebA (c) CIFAR-10

Final samples
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Score-based generative modeling: results

(a) MNIST (b) CelebA (c) CIFAR-10

Langevin sampling process

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University




Pitfall 1: manifold hypothesis
e Manifold hypothesis

Data points

e Data score is undefined
vJnc log Pdata (X)
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Data points
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Pitfall 1: manifold hypothesis
e Manifold hypothesis

Data points

e Data score is undefined
vJnc log Pdata (X)
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Pitfall 1: manifold hypothesis

e Fitting the data with a low-dimensional linear manifold (PCA)

S04 /92 1\ 3 | ¥ EEs
S04 /92 \ 3 | ¥ &

3072 .
Dim
2165
e Score estimation on CIFAR—1O
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Pitfall 2: challenge in low data density regions

Data scores Estimated scores

NN e Y

Data density
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Langevin MCMC will have trouble
exploring low density regions

Song and Ermon. “Generative Modeling by Estimating
Gradients of the Data Distribution.” NeurlIPS 2019.
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Pitfall 3: slow mixing of Langevin dynamics between

data modes

e Suppose the data distribution has two modes with disjoint
supports:

Pdata(x) = mp1(x) + (1 — m)py(x)
- - T[p]_(X) xX€EA
ANB = (D) pdata(x) — {(1 o n_)pz(x) x €B
e Data score function:
| Vylogpy(x) XEA
vx logpdata(x) — {Vx logpz(X) x €B

e The score function has no dependence on 7t
e Langevin sampling will not reflect i
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Pitfall 3: slow mixing of Langevin dynamics between

data modes

I.i.d samples Langevin dynamics samples
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After fixing pitfalls

s i
ST 5
L=
s

o~
.

Song, Yang, and Stefano Ermon. "Generative Modeling by
Estimating Gradients of the Data Distribution.” NeurlPS 2019
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